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RESUMO

Objetivo - Verificar o efeito da variacdo da taxa de chegada e atendimento durante o dia em detrimento da anélise de
equilibrio do sistema.

Desenho / metodologia / abordagem - Os modelos M(t)/M(t)/m(t)/C(t) e o hipercubo ndo estacionario foram abordados
considerando a variagdo do ndmero de servidores ao longo do tempo.

Resultados - O estudo mostrou como a abordagem dindmica é mais realista do que a abordagem de equilibrio em
sistemas onde a variagdo de pardmetros € um fator importante a ser considerado.

Originalidade / valor - A maioria dos estudos envolvendo sistemas de filas é baseada na analise em regime permanente
da operacdo desses sistemas. No entanto, para determinados sistemas de filas, variagdes nas taxas de chegada de clientes,
tempos de atendimento e outras condi¢Bes de operacdo ocorrem em intervalos de tempo muito curtos, o que dificulta a
analise efetiva do desempenho desses sistemas.

Palavras-chave - Teoria das filas, Modelo M(t)/M(t)/m(t)/C(t), Modelos nao-estacionarios.

ABSTRACT

Purpose — Verify the effect of the variation of the arrival and service rate during the day in detriment of the equilibrium
analysis of the system.

Design/methodology/approach — The models M(t)/M(t)/m(t)/C(t) and the non-stationary hypercube were approached
considering the change in the number of servers over time.

Findings — The study showed how the dynamic approach is more realistic than the equilibrium approach in systems
where the variation of parameters is an important factor to be considered.

Originality/value — Most studies involving queue systems are based on steady-state analysis of the operation of these
systems. However, for certain queuing systems, variations in customer arrival rates, service times and other operating
conditions occur within very short time intervals, which makes it difficult to effectively analyze the performance of these
systems.
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1. INTRODUCTION

Systems such as call centers, hospitals, Emergency Attendance Systems (SAE's),
computer servers, among others, have the demand heavily dependent on time (KIM; WHITT,
2014). In addition, these systems work with limited resources making their management non-
trivial, they generally allocate resources in times of high demand and in periods of low
demand they work with fewer resources in an attempt to adapt resources to demand variation
over time. They are systems essentially characterized by uncertainties, mainly regarding
demand, service time and location of servers, as the case may be. To design and analyze the
configuration of these systems, managers and decision makers need to balance the level of
service offered to users with the investments required to be able to offer a good level of
service. They also need to define and analyze performance measures in order to be able to
properly assess the system configuration, this can be done with the help of queuing theory
analytical models and/or experimental simulation models.

In the equilibrium analysis, the arrival rate (1) and the service rate () are assumed to
be constant and may in some cases vary with the state of the system (An and pn, respectively).
With this assumption, after some time of operation, the system passes the transient phase and
goes into regime. Stationary analysis is a common approach to dealing with time-varying
rates, the idea is to divide the time interval of interest (eg one day) into t small periodsi =1, .
.., T with constant arrival rates and numbers of servers within each period i (GREEN et al.,
2001; SOUZA et. al., 2012). Queue models are solved for each period i by deriving stationary
performance measures, this approach works accurately if consecutive intervals are statistically
independent of each other.

Some works that address the issue of demand variation over time were found in the
literature, such as Ingolfsson et al. (2002) who used a model to optimize the number of patrol
cars in supermarkets for call centers considering demand variation throughout the day, A(t).
Kim and Whitt (2014) studied the behavior of the arrival rate of a call center and a hospital,
and verified whether this could be represented by a heterogeneous poisson. Still others deal
with the variation in the number of servers over time, as in Chen et. al. (2013a, 2013b)
address a non-stationary queuing model, the M(t)/Ek/c(t) model was used to analyze a large
maritime container terminal, whose objective was to reduce the number of trucks in the

queue. The analysis proved to be very useful and can significantly increase the system's




flexibility. The M(t)/M/s(t) model used in Ingolfsson et. al. (2005). Alanis (2013) presented a
Markov Chain-based model for repositioning ambulances in emergency medical services
systems. Stolletz (2008) analyzed the M(t)/M(t)/c(t) queue and evaluated the effect of
dividing the day into several periods with different arrival rates comparing it with the
stationary approach. Ingolfsson et al. (2014) compare and discuss different methods to
approximate the M(t)/M/c(t) queuing system. In another approach, Schmid (2012) and
Maxwell et al. (2010) presented a dynamic programming model for repositioning servers
throughout the day, Maxwell et al. (2010) still uses in their dynamic programming model a
Markov chain to consider the problem of repositioning ambulances. vary with the state of the
system (An and un, respectively). With this assumption, after some time of operation, the
system passes the transient phase and goes into regime. Stationary analysis is a common
approach to dealing with time-varying rates, the idea is to divide the time interval of interest
(eg one day) into t small periods i =1, ..., T with constant arrival rates and numbers of
servers within each period i (GREEN et al., 2001; SOUZA et. al., 2012). Queue models are
solved for each period i by deriving stationary performance measures, this approach works
accurately if consecutive intervals are statistically independent of each other.

In this sense, it is important to verify the effectiveness and applicability of the various
gueuing models in the analysis of systems in which the average arrival and service rates
depend on time and/or systems that change their dynamics over time (eg with an increase or
decrease number of servers). In these cases, the equilibrium hypothesis does not allow a more
effective analysis of the performance of these systems, which can lead to oversizing or
undersizing the number of servers needed for a certain level of service, measured during a
chosen time interval.

Applications in this sense can be seen, for example, in Broyles et. al. (2010) who
study the problem of predicting hospital inputs as a function of the rate of admission and
service that are not stationary in a Markov chain. Chen et. al. (2013) use the M(t)/Ek/c(t)
model, considering A(t) and p(t), in a marine terminal gate integrated with a Genetic
Algorithm in order to optimize the queue of trucks in the terminal. Examples in other areas
can also be found in the literature, such as the application in Call Centers (JOUINI et. al.,
2009).

The hypercube model is a spatially distributed queuing model, originally proposed by
Larson (1974) and extended by several authors (SWERSEY, 1994; GALVAO; MORABITO,




2008; BOFFEY et al., 2007; IANNONI et al. (2007, 2009) ; MORABITO et al. (2008);
SIMPSON; HANCOCK (2009); SOUZA et al. (2013, 2015)), which has been used to analyze
and plan various emergency care systems. In emergency systems it is common to change the
number of servers throughout the day, in addition the demand can change during the day
depending on location and time. It is important to emphasize that all studies found in the
literature were carried out considering the equilibrium hypothesis.

This work aims to compare the equilibrium analysis where the arrival rate, service rate
and number of servers is constant with the out-of-balance approach, in which the arrival rate,
service and number of servers varies with time in the fundamental models of Markovian
queues (user-to-server approach) and the hypercube model (server-to-user approach). The
idea is to check the effect of these changes on some performance measures. The article is
organized as follows, Section 2 presents the fundamental non-stationary Markovian models
and the non-stationary hypercube model. In Section 3 we present the Runge-Kutta method, in
Section 4 we present the results and discussions of the illustrative examples and Section 5

presents the Conclusion.

2. NON-STATIONARY MODEL
2.1 The queue M(t)/M/m

The queue M(t)/M/m has the arrival rate varying over time according to a

heterogeneous Poisson and the service times exponentially distributed with averages
E(t,X) = A(t) and E(S) = i respectively. Users wait in a single queue with unlimited

capacity, being served by the FCFS (First Come First Served) discipline and the utilization

factor p(t) = A0 corresponds to the average usage of the system at the time t (o(t) < 1).

M
This model considers that the user entry rate does not vary with the state of the system, while

the service rate changes depending on the state in which the system is, as follows:




A(t), = A(t) . forn=0,1,2.., t=0 1
_ {n,u, forn=12,.m-1
n lmp, form=mm+1,..
To simplify the analysis, in Figures 1 and 2 we do not consider the arrival of more

than one user in a small period of time (with the probability of arrival G‘:ﬂﬂ). Figure 1
illustrates the possible state transitions for the model M(t)/M/m, when the number of users is
less than the number of servers (n < m). In these states, any user who arrives at the system is
promptly attended to. The state n + 1 (instant t) switches to state n with a termination of

service during 4%, with probability mHAZ, Similarly, the state n = 1 (instant t) switches to state
n upon the arrival of a call during 4%, with probability A(t)At (this transition does not exist if
n=0). Also, if at time t the system is in state n and there is no arrival or termination of

service during 2£, the system remains in state n, with probability 1 — A(£)at — nuat,

Figure 1 - State transitions from the M(t)/M/m model from the n state, when n <m.
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Instante f Instante ¢ + At

Still considering the same analysis, when n = m (Figure 2), all m servers are busy and
if a user arrives at the system, he waits in a simple queue, operating with FCFS discipline, as
mentioned at the beginning of this Section. Thus, state n + 1 (at time t) changes to state n with
a termination of service during At, with probability muAtz. If, at time t, the system is in state n
and there is no arrival or termination of service during At, the system remains in state n, with
probability 1 — A(t)ar — nuas. State n - 1 (instant t) changes to state n upon the arrival of a call

in the system with probability .A(t)Az (the same way when n < m).




M(t)/M(t)/m(t)/C(t) and non-stationary hypercube models

Figure 2 - State transitions from the M(t)/M/m model from the n state, when n > m.

1 — A(t)At — muAt
@ A(t)At

Instante ¢ Instante r+ At

Thus, the probability that the system is in state n at the moment t + At is defined by:

Polt + At) = Py(t)pdt + Py(t)[1 — A(t)At] + o(t) n=0 3
Pt + ﬂr] Py (B0 + Dpdt + By (8)[1 — (A(E) + np)dt] + By (DA A + o(t) n=

1 2,. -1

Bt + &r] Pryyrympdt + B (t)[1 — (A(t) + mu)At] + Po_y (£)A(£)AL + o(t) n=mm+1..

The previous equations can be rewritten as follows:

Byittar)—B,lr)

R = Py (D) + A(E)Po(t) + o(t) n=0

Pl B0 = —(A(8) + m)P(E) + (n + DtPrsy (1) + AP,y (8) +0(t) =
1,2,..,m—1

Pl P — —(A(E) + M) Py(t) + muPry1(8) + A(E)Pacs (£) + o(2) n=mm+
1,..

When At —= 0, we have to:

dPp(t]

Fr P,(t)p+ A(t)Py(t) n=0 4
La) — _(A(8) + )P () + (n+ DBy (8) + APy (8) 1= 12,0m— 1
B0 = —(A(t) + m)P, (1) + MmpPay (t) + M) Py () n=mm+1,..

Differential equation system 4 describes the system over time, allowing the analysis of

the transient behavior of the queuing system. Figure 3 shows the transition of states in an
M(t)/M/m system ton = 0,1,2, ....
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Figure 3 - Model State Transition M(t)/M/m.
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From the solution of the system of differential equations, it is possible to calculate the
performance measures that describe this system over time (t = 0). The number of users in the
queue (Lq(t)) at time t is obtained from the probabilities of the states B,(t). The other
performance measures, the number of users on the system (L(t)), the length of stay in the
system (W(t)) and the time spent in line Wq(t)) all performance measures describing the

system over time (t = 0) are obtained using Little's formula by Equations 5, 6, 7 e 8.

Lq{t:] = E:C=!!|{n - m}Pn{tj t=0 5

L(t) = Ly(£) + L,(t) = @ +L,(6), t20 6

W(t) =W, +Wq{t} _E+ W, (£). t=0 7

qr{:t) J(l‘) t=0 B
On what:

L(t) = 29 s the average number of users in service int = 0.

W, = - Zis the average service time of the system.

It is usual to calculate the average performance measures of a queuing system.

Therefore, the average number of users in the queue over a period of time (ty,£,),L.(t,t5), is
obtained from Equation 9. The other performance measures, L{ty, ;) , W(ty, t;) € W, (2. t2),

are mean values obtained in the range (t;, t,), from Equations 10, 11, 12 and 13, respectively.

thzzn mi =) Py ()

L,(ty, ty) = Pa— 9
L(ty,t;) =L+ L, =’—1+ L, 10
W(ty,t,) =W, +W, ——+Wq 11
W, = 12

q a




2.2 The queue M(t)/M(t)/m
In the M(t)/M(t)/m queue, the arrival rate and service times vary over time according

to a heterogeneous Poisson and have averages E(t,X) = A(t) and E(t,5) = ﬁ respectively.

Users wait in a single queue with unlimited capacity, being served by the FCFS (First Come

First Served) discipline and the utilization factor p(t) = :i}

corresponds to the use of the

system at the moment t (¢ = 0, p(t) < 1). This model considers that the user entry rate does
not vary with the state of the system but rather as a function of t (t = 0), while service fees

change depending on the state the system is in and depending on t (t = 0), this way:

A,(t) = A(t) .forn=0,1.2.. t=0 13
_ (nu(t), forn=12..,m—1
Hn (t) _{m_u.{r], forn=mm+1,..° 20 14

To simplify the analysis of Figures 4 and 5, the arrival of more than one user in a
small period of time will not be considered, which happens with probability o(At). Figure 4
illustrates the possible state transitions of the M(t)/M(t)/m model, when the number of users is
smaller than the number of servers (n < m). In these states, any user who arrives at the system
is promptly attended to. State n + 1 (at time t) changes to state n with a termination of service
during At, with probability nu(t)At. Similarly, state n — 1 (at time t) changes to state n upon
the arrival of a call during At, with probability A(t)At (this transition does not exist if n=0).
Also, if at time t the system is in state n and there is no arrival or termination of service during

At, the system remains in state n, with probability 1 — A(t)At — nu(t)At.

Figure 4 - State transitions from the M(t)/M(t)/m model from the n state, when n < m.
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When n = m (Figure 5), all m servers are busy and if a user arrives at the system, he

waits in a simple queue, operating with FCFS discipline, as mentioned at the beginning of this
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Section. Thus, state n + 1 (at time t) changes to state n with a termination of service during At,
with probability mu(t)At. If, at time t, the system is in state n and there is no arrival or
termination of service during At, the system remains in state n, with probability
1— A(t)At —np(t)At. State n - 1 (at time t) changes to state n upon the arrival of a call in the

system with probability i(t)At (in same way when n < m).

Figure 5 - State transitions from the M(t)/M(t)/m model from the n state, when n > m.
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Thus, the probability that the system is in state n at the moment t + At is defined by:

Byt + At) = Py (t)u(t)At + Py(t)[1 — A(t)At] + o(t) n=0 15
By(t + At) = Py (£)(n + Du(t)At + B, (£)[1 — (A() + np(t))At] + Py (£)A(E)AL +

o(t) n=12..m—1

By(t + At) = Pryyymu(t)At + B, (£)[1 — (A(2) + mu(t))At] + P, (£)A(£)AL +

o(t) n=mm+1,..

The previous equations can be rewritten as follows:

Byt + At) = Py (t)u(t)At + Py(t)[1 — A(t)At] + o(t) n=0 15
By(t + At) = Py (£)(n + Du(t)At + B, (£)[1 — (A() + np(t))At] + Py (£)A(E)AL +

o(t) n=12..m—1

By(t + At) = Pryyymu(t)At + B, (£)[1 — (A(2) + mu(t))At] + P, (£)A(£)AL +

o(t) n=mm+1,..

Doing At—0, we have to:
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dBy(t)

e = Pu(t)u(t) + A(E)Py(t) n=0 16
M::rzl: 9 —(Ae) + np(£))P(t) + (n + Dp(t)Prsa(t) + A(B)P,_1(£) n=12,. -1
aPy(t) _ —(A(t) + mu(t))P,(t) + mu(t)Pyyq(t) + A(t)P,_4(t) n=mm+1,..

dt

The differential equations above describe the system over time, allowing the analysis
of the transient behavior of the queuing system. Figure 6 shows the transition of states in a

non-stationary M(t)/M(t)/m system, for n = 0,1,2, ....

Figure 6 - Model State Transition M(t)/M(t)/m.

Aft) Aft) Aft) Jl{t} Aft) Alt)

—
(2. 2@e(e e
u(t) 2u(t) 3uty  n—1p(t)  mpu(t) muft) my(t)

The number of users in the queue (Lq(t)) at time t and the queue time Wq(t) are
obtained from Equations 5 and 8, respectively. The other performance measures, the number

of users in the system (L(t)) and the time spent in the system (W(t)) and 0), the equations are

now:
L(t) = Ly(£) + Ly(t) = “‘“3 L+ L(t), 120 17
W) =S+Wy(0) = =+ w ®),_t= 18

The average number of users in the queue over a period of time (¢, t;),L (%, t-) and
the average time spent in line are obtained by equations 9 and 12. The other performance

measures, L(t;, t;) e W(t,t,) are obtained from Equations 19 and 20.

Lty t;) =L+ L, = ?r + L,

W{rl,tz}—5+W—ﬁ+W 20

19




2.3 The queue M(t)/M(t)/m(t)

We can observe that, in all the models presented, the rate of change of the probability
of a state n, in relation to time, is the sum of the probabilities of reaching state n minus the
probability of the system leaving state n in an interval of time At — 0.

The M(t)/M(t)/m(t) model considers that the arrival rate of users in the system arrives
according to a heterogeneous Poisson distribution (A(2)), the distribution of service time is
exponential with service rate dependent on time (u(t)), the system has m(t) servers in the
range t; <t < t, (the number of servers may vary over time). The state transition diagram that

represents the system can be seen in Figure 7. The transition rates that represent this system

are:
Figure 7 - Model State Transition M(t)/M(t)/m(t).
[ Alt), para n=012, .. m(t)—-1
An(t) = {{I, para n=m(t),m(t)+1,..,C{t)= 120 21
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The system of equations that represents this system is:

dpyle)

oD = Py(8)u(e) + A8 Py (t) n=10 23
D) = _(4(6) + na(8) By (6) + (1 + DR(OPras () + APy (6) 1= 12,0,m(t) - 1
8 — —(A(0) + MO (0))Bale) + m(E)u(0)Pray (€) + A()Pros (1) n=me).m(r) + 1.

Note that if the number of servers changes over time, the number of equations
describing the system also changes. Furthermore, we consider that the number of users in the
queue is always the same regardless of changing the number of servers. The average number
of users in the queue at each instant of time t (t>0) is given by Equation 24. The other
performance measures calculated at each instant of time t (t>0) can be calculated by equations

17 and 18. The average waiting times in the queue over a period of time, (t,t,), can be




obtained by Equation 25, The other average performance measures over a time interval (£, t,)

can be calculated by equations 19 and 20.

L(t) = Xom(n —m()B(8),  t=0 24
_ T8 ey (n=m (€]} Py (2)
L(ty, ) = f B “"‘:_h 25

2.4 Models with limited capacity

The M(t)/M/m/C and M(t)/M(t)/m/C (m<C) models differ from the M(t)/M/m and
M(t)/M(t) models )/m, respectively, only by limiting C on the number of users present in the
system (in queue and in service), resulting in a maximum queue size (C - m). The
M(t)/M(t)/m(t)/C(t) (m(t) < C(t)) model considers that the arrival rate of users in the system
arrives according to a Poisson distribution heterogeneous (A(t)), the distribution of service
time is exponential with service rate dependent on time (u(t)), the system has m(t) servers in
the range t; <t < t, (the number of servers may vary over time), the system has limited

capacity (c(t) —m(t)) which can also vary in time.

2.4.1 The queue M(t)/M/m/C

The state transition diagram that represents the M(t)/M/m/C queue system can be seen

in Figure 8. The transition rates that represent this system are:

Figure 8 - Model State Transition M(t)/M/m/C.
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The system of equations for this system is:

20 = Py(t)u + A()Po(t) =0 ’g
%:ﬂ = —(A(t) + nu)P,(t) + (m + VpPry (£) + A(E)P,_4(t) n=12,..,m—1

0O — (A1) + B () + MPoas () + ADPos @) m=mm1.,C-1
2 — —mpPe(e) + AP () m=C

For models that consider limited capacity, the probability of loss is an important performance
measure to be considered, and represents the probability that the system has C users

(Pperaa (£) = Pc(t)). The user input fee (A(t) < A(t)) used in Little's formula is defined by:

AE) = A(£) Tz Pa(t) + OPC(£) = A(£)(1 — Pe(t)) 29

The utilization factor, p(t), corresponds to the utilization of the system at time t, which

29 The number of users in the queue (Lq(t)) at time t is obtained from

is given by p(t) = p—
Equation 30. The other performance measures, the number of users in the system (L(t)), the
time spent in the system (W(t)) and the time spent in queue Wq(t)) all performance measures
describing the system over time (t > 0) are obtained using Equations 31, 32 and 33,

respectively.

L, (t) = T&-m(n — m)B,(1). =20 30
L(t) = Ly(t) + Lg(t) = @ +L,(t), t20 31
W(t) = W, + W,(t) = ﬁ+ W,(t), t=0 32
Lot}
_ L
W, (t) = 1) t=0 33

The average number of users in the queue over a period of time (ty, t;),L (. t,), is
obtained from Equation 34. The other performance measures, L(ty, t2) , W(ty, t2) € L (t1.t2),

are mean values obtained in the range (t,,t,), obtained from Equations 35, 36 and 37,

respectively.
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Lty ty) == _— 34
- - - I -
L(ty, t;) =L+ L, =;+Lq 35
— __ __ 1 __
W{ri,tz]=m+%=;+% 36
— L -
W, = g(rr11 ta) 37

2.4.2 The queue M(t)/M(t)/m/C

The state transition diagram that represents the system in equilibrium can be seen in

Figure 9. The transition rates that represent this system are:

Figure 9 - Model State Transition M(t)/M(t)/m/C.
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The system of equations that represents this system is

dBy(t)

=0 _ P ()ut) + A(R)Po(1) n=0 40
d: 2 = —(A(2) + nu())Pu(t) + (n + Dp(t)Prss(t) + A(H)P,—y () n=12,..,m—1
Enld) — (A() + mu(0) o) + ME(O)Prss (&) + ADPuy () m=mm+1,..,C—1
P — nun(£)Pe(t) + A() Py (£) n=_c

dt

The number of users in the queue (Lq(t)) and the time spent in queue Wq(t)) at time t
are obtained from Equations 30 and 33, respectively. The number of users in the system
(L(t)), the time spent in the system (W(t)), over time (t > 0), are obtained using Equations 41

and 42, respectively.

L(E) = Ly(£) + Lo(t) = I“’

W(t) = W, + W,(t) = +W{t} 1= 0 42

~+ Ly(t), 120 41
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The average number of users in the queue over a period of time (t;, t;),L (%, t-) and
the average time spent in the queue over a period of time. (ty, t5), W, (t,,t,), are obtained from

Equations 34 and 37. The other performance measures, L(t;,t,) , W(t;,t,) and, they are mean

values obtained in the interval (t_1,t 2 ), obtained from Equations 43 and 44, respectively.

L 43
W{rlntZ)zM_'_%:_'l- q 44

2.4.3 The queue M(R)/M(t)/m(t)/C(t)

The state transition diagram that represents the system can be seen in Figure 10. The

transition rates that represent this system are:

Figure 10 - Model State Transition M(t)/M(t)/m(t)/C(t).

_( Aft), para n=012,..m(f)—-1
An(t) _{ : para n=m(t),m(t)+1,..,C(t) »

_ nu(t), paran=1.2,...,m—1
Hn(t) = {m{r]y{t}, paran = m{t),m(t) + 1,...,C(t) 46

. Alt) A[t] {t] ] . 1 ,:u[t]
ut) 2140 n(e) — 1],u,{t}| m(tju(t) m(tlu(t) mtut) mult)

The system of equations that represents this system is:
S = Py()u(e) + AE)P() n=10 47
0 = _(A(E) + np(®)By(2) + (n + Dp()Pryy () + AOP,y () m = 12,0, m(e) — 1
M = —(?(r} + m{t}u(rjjﬁn{r} + Mt ) Prey (0 + APy (1) n=mitlmit)+1,..00t)—-1
Eutt) _ — () (£} B, () + A(E) Py, (£) n = C(t)

dt

The number of users in the queue (Lq(t)) at time t is obtained from Equation 30. The
other performance measures, the number of users in the system (L(t)), the time spent in the
system (W (t)) and the queuing time (Wq(t)) all performance measures describing the system

over time (t > 0) are obtained using Equations 41, 42 and 33, respectively.




Lo(8) = Znih o (n—m(E)B,(). 20 48

The average number of users in the queue over a period of time (t;, t;),L,(t,t,), is
obtained from Equation 49. The other performance measures, L(ty, t;) , W{ty, t;) e W, (24, t2),

are mean values obtained in the interval (t_1,t 2 ), obtained from Equations 43, 44 and 37,

respectively.

City
n=mit)

_ (N>
Ly(ty,t;) ==

(m—mit} )Pyt

45
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2.5 Non-stationary hypercube model

The hypercube model (LARSON, 2007) is a descriptive model used as a tool for the
analysis and planning of urban emergency systems. In addition to considering uncertainties
regarding the origin of calls, service times and availability of servers, the model addresses
geographic and temporal complexities in the region. It can analyze both coordinated and
centralized systems, when the user calls a central requesting some type of service and a server
moves to the client. Originally, the solution of the model is given by the construction of the
system's equilibrium equations, which are defined assuming that the system reaches
equilibrium and that the arrival and service rates do not vary with time.

Basically, the idea is to expand the state space of an M/M/m queuing system to
represent each server individually, which may include more complicated dispatch policies.
The solution of the model is given starting from the construction of the set of equilibrium
equations for the system. The results are based on the values of system state probabilities,
enabling the calculation of performance measures, such as: server workloads, average
response time of the system or each server, frequency of service of each server in each region,
among others. Some of these hypotheses can be changed, such as, for example, multiple
dispatch and partial backup, as in Chelst and Barlach (1981), Mendonc¢a and Morabito (2000),
lannoni (2005) and lannoni et. al. (2008a, 2008b).

The hypercube model is based on dividing the region served by the system into
geographic atoms (demand regions). Each atom is considered a punctual source of calls and

independent from the others and the service to each atom is performed by servers that are




distributed in the region. The location of servers must be known or estimated using geometric
probability. If one server is busy, other servers can answer the call, even if it is outside their

preferred area, with cooperation between the servers prevailing.

Figure 11 — System states with three servers.
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Server availability is represented through the server state space. A particular state of

Fila de espera

the queueless system is given by the list of servers that are free or busy. Let {000}, {001},
{010},{111} be the 2° = 8 possible states of the system, in which the 0's and 1's indicate
whether servers are free or busy, respectively. For example, state {011} represents the state
where server 1 is free and servers 2 and 3 are busy ({011} describes the state of servers from
left to right). Figure 11 shows the state space for systems with m = 3 servers.

The model addresses both systems in which queuing is not allowed, and those in
which, when all servers are busy, incoming calls wait in a queue, through which users are
serviced as the servers become free according to the FCFS discipline.

The hypercube model is a descriptive model that does not allow, if applied in isolation,
the direct solution of location problems in order, for example, to reduce the average response
time to the user or reduce the workload of ambulances. However, it is a model that allows the
estimation of important performance measures, enabling the analysis of alternative scenarios.

According to Larson and Odoni (2007), there are nine critical hypotheses that must be
verified for the application of the classic hypercube model:

1) The area must be divided into Na Travel times atoms.

2) Requests for service on each atom j (j = 1, ..., Na), arrive independently

according to a Poisson distribution.




3) Travel times{ﬂru} from atom i to atom j (i, j = 1, ..., Na) must be known or

estimated.

4) The system operates with m servers (different or not) spatially distributed, which
can move and serve any of the atoms.

5) The location of the servers must be known, at least probabilistically.

6) Only one server is dispatched to answer a call.

7) There is a server dispatch preference list for each atom.

8) The total time to answer a call is composed of the sum of the following times:
server preparation time (setup time), server travel time to the place of occurrence, service
execution time with the user (time in scene) and the time to return to base.

9) Variations in total service time due to variations in travel time are considered
second order when compared to variations in stage times and/or team preparation time.

To present the non-stationary hypercube model, we used, also for comparison
purposes with the equilibrium approach, an example of a system with three servers found in
Chiyoshi et. al (2001). Consider an emergency system operating in a region represented by

three atoms, using a fixed preference dispatch policy, shown in Table 1.

Tablel- Dispatch Preferences Matrix.

Dispatch Matrix
Preferences
Atom 1° 20 3°
1 1 2 3
2 2 3 1
3 3 1 2

Font — Chiyoshi et. al. (2001).

In a similar way to the previous models, the solution of the model is given by the
construction of the transition equations of the system. The equations defining the non-

stationary hypercube with m = 3 servers are defined by:
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{‘]UU} dp'"" = =) Pyaalt) + pa(t)Popa(t) + ta(t)Popo(t) + pa(t) Prgolr) 30
{001} - dp""' = —( () + w1 (£))Poos(t) + AL (£)Pogolt) + pa(t)Py1g() + palt) Pyps(t)

{010} = dp"" = —(A(t) + w2(t) ) Poro (t) + A2(2)Pooo(t) + w1 (t)Poys (t) + pz(t)Pyyo()

{100} = dp"" = —(A(t) + ua(t))Proalt) + Az(t)Pogo(t) + pea(£)Pypy (£) + pal£) Pyya (1)

{011} = dp"" = —(A0) + wa (£) + pa (£))Poyy (£) + (An() + 22(8) ) Poor(t) + 21 (£)Poyo(t) + ualt)Pyys(t)

{101} = dp'"' = —(A0) 4wy (£) + pa (£))Proa (£) + Az(t)Poor(t) + (Ae(t) + A2(8) )Proo () + pal(t)Pyya (1)
{110} = dp'" = —(;’-':f]' + sl + Hz(ﬂ']ﬂm(ﬂ' + (ﬂ:':ﬂ' + ﬂz(tl'jpnm':ﬂ' + Az (E1P gl ) + (£ Py (T

{111} = dp"' = —(A0) + u(t) )Py (£) + A0 Poya(8) + A(E)Pyoy (1) + A(E)Pyyo(2)

{51} = —‘ = —(Mr} + () )Py, (£) + A(E)PL(8) + u(E)Ps,(2)

(50}~ dj—- = —u(r:la___l:r:l + AP, (0).
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What,

A;(t) 1s the call arrival rate on atom 1, at the instant r;

u;(t) 1s the service rate of server j. at the mnstant ;

A(t) = A;(t) + A2(t) + A3(¢) 1z the total rate of arrival in the system, at the instant r;
plt) = ﬁ 15 the average workload on the system at the mstant 1.

If the system changes the number of servers over time, the number of equations in the system
will be 2™ + ¢(¢). System capacity changes as the number of servers (m(t)) changes, but the
number of users in the queue is fixed (c(t)) as in the model in Section 2.4.3. The solution of
the system of differential equations gives the state probabilities at t (t>0) and from them we
can calculate several important performance measures for the system. As in the previous
sections, the average number of users in the system (L(t)), the average number of users in the
queue (L_q (1)), the average waiting time in the system (W(t)) and the time average queue
waiting (W_qg (t)) in addition to other performance measures such as workloads, dispatch
frequencies and travel times that have been adapted for this analysis as follows:

Workload, at time t, is the fraction of time the server is busy and is calculated by
adding the probabilities of the states in which this server is busy.

> pilt) = E;E.:t}:b[.:ﬂ}PB(t} + Fy (1), 51
What,
v pi (t) is the workload of the serveri (i =1, 2, ..., m), at the instant t;
V' Eisiowm(o3Ps(t) is the sum of the probabilities of the states (from {000} to {111}) where

server i is busy (bi = 1), at the instant t;




v’ P, (t) is the probability of queue (Py(t) = Ps,(£) + Ps_(£) +--) atthe instantt.

The average workload over an interval (t;, t;) is given by:

327 aio,00) PE O +Po (8)
P; 1(171. I?z) = {Eftl-b[rtzrl_]tlﬁ' Q )

The dispatch frequency, at instant t, indicates the fraction of dispatches in the system
that is served by the serveri (i=1, 2, ..., m)inatom j (j =1, 2, ..., Na), and is given by the

sum of two parts: fij[”q], fraction of dispatches in which server i is sent to atom j, but does not
imply waiting time in queue; £/, fraction of dispatches in which server i is sent to atom j,

and implies waiting time in queue:

pilt)
()"

£5(®) = £Ir) + 1) = 22

AlT)

f’l(f}

The dispatch frequency, in an interval (t;, t5), is given by:

to ) pi(£)
-I;'L At} EE‘(t EE”(tI PB{r}+ ,1,(: "{ }N”

t2—t

fi (B t2) =

54

The travel time in the system, at instant t, is:
T@ =¥ YA A + Py (DT, (D) - 55
What,

v . 18 the average travel time from server 1 to atom j;

A A; . . .
v TQ(t) ¥y, EN"‘ % pj- 1t's travel time for queued calls, at instant t;

v T 5 » 18 the average travel time between atoms p and j.

# The average travel time in the system, over an interval (f,, t,). is given by:

t2 om [nq] =
pid E 9l iy P ()T g (8
T (tyt,) = “F‘tz (i 1P 0Te® 56

The travel time to atom j, at time t, is calculated by:




T Ty £ )t 1—p Y p 57
() = W( (D) + X2 170 GPo (0)-

The average travel time to atom j over an interval(t;, t,), is calculated by:

[ng]
JZimafij (0t Ny Aot
iy, Py OS2 Py

T(t,.t,) = = 58

53]

The travel time of server i, at time t, can be approximated by:

T4 Fr )t 4 (T (0P g (8)/m)

TU(t) === — 59
(0= LA fy q](ﬂ+(P.;.a (£)/m)
The average travel time, of server i, over an interval (t;, £;), can be approximated by:
Ildzf‘leJ ey tu.+|rTQ|t‘PQ,|c}_.-'m :|
ﬁ{:t " ) _ " E;r;qlefQ](t +|P0:|t)_.l'm:| 60
[ -
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3.TOY MODELS: THREE SERVERS
3.1 Changing the number of servers in the model M(t)/M(t)/m(t)/C(t)

In real systems it is common to change the number of servers depending on the arrival
rate in the service, periods of high demand lead to more servers and periods of low demand
make it possible to work with fewer servers without compromising the quality of service.
Using the approach of Souza et. al. (2013) the day was divided into three and six periods. The
M(t)/M(t)/m(t)/C(t) model with dynamic approach the arrival rates vary over time and the
service rate is fixed, we are not considering server acceleration. Three analyzes will be

performed, the transition rates for one day of system operation are:

1,5e 2h <t < 6h

2,58 6h <t = 10h
4, 5¢ 10h <t < 15h
3,5elbh <t = 18h
K, sel8h <t=<=22h
2,5e22h <t <2h

2,8e23h<t=<7h
a)A(t) = {4,se7Th<t=<14h, Db)A(L)=
5.se 14h <t < 23h

and

¢)A(t) =5 if Oh < t < 24h.

For the three analyzes considered, it will be considered p(t) = = 6. In this case, periods

where the arrival fee is equal to 5 (A(t) = 5) we consider that m(t) = 2 e C(t) = 5 and in periods when




the arrival rate is less than 5 (A(t) < 5) we consider that m(t) = 1 e C(t) = 6, in both cases the queue
length is the same.

The system in Section 2.1 was solved by the Runge-Kutta method (WILMER et. al., 1995)
with an error less than 10-6 of the exact solution, we obtain the probabilities of each state at each
instant of time. The initial conditions used in this example were defined as follows: the probability that
the system is empty at time t = 0 is a (P5(t = 0) = 1) the probabilities of the other states are equal to
zero; when the system increases one server, the probability of that server being busy the moment it
starts operating is zero; when the system downgrades a server, the probability that the retired server is
busy is divided equally into the queue states at the time the server is retired. Furthermore, the results
obtained have an accuracy of 10-6 of the exact solution.

Figure 12a shows the probabilities of each system state for the non-stationary model with
changing the number of servers and the day divided into three periods, Figure 12b shows the
probabilities of each system state for the non-stationary model with changing the number of servers
and the day divided into three periods and Figure 12c shows the probabilities of each system state for
the equilibrium model, the analysis was performed for a 24-hour period. We can observe that from the
point where there is a change in system parameters (rate of arrival and service) and/or a change in the

number of servers, the system enters the transient state again until it comes to equilibrium.

Figure 12 - Probabilities of queue states (P_B ) M(t)/M(t)/m(t)/C(t) a) with the day divided
into three periods; b) with the day divided into six periods; ¢) probabilities of queue states
M/M/2/5.
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Figure 13a shows a comparison between the number of users in the M/M/2/5 model
system (light green line) with the non-stationary model where there is a change in the number
of servers with the day divided into three (green line dark) and six periods (blue line). Figure
13b shows a comparison between the waiting time in the system of the M/M/2/5 model (light




)

Iy

o]

o=,

45

i

:‘. -t
s,
=

.

. _GEPROS

1
%

g
e

green line) with the non-stationary model where there is a change in the number of servers

with the day divided into three (green line dark) and six periods (blue line).

Figure 13 — a) Comparison of the number of users in the system (Zt)) the M/M/2/5 model in
equilibrium with the M(t)/M(t)/m(t)/C(t) model with the day divided into three and six
periods; b) Comparison of waiting time in the system (i t)) of the M/M/2/5 model in
equilibrium with the M(t)/M(t)/m(t)/C(t) model with the day divided into three and six

periods.
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Figure 14a shows a comparison between the number of users in the system calculated
by the balanced M/M/2/5 model (light green line) with the values obtained by the non-
stationary models with change in the number of servers with the day divided into three (dark
green line) and six periods (blue line). Figure 14b shows a comparison between the results of
waiting time in the queue obtained by the balanced M/M/2/5 model (light green line) and by
the non-stationary model where there is a change in the number of servers with the divided

day in three (dark green line) and six periods (blue line).

Figure 14 - Comparison of queued user number (I, (t)) the M/M/2/5 model with the
M(t)/M(t)/m(t)/C(t) model with the day divided into three and six periods; b) Comparison of
waiting time in line (W, (£)) from the M/M/2/5 model to the M(t)/M(t)/m(t)/C(t) model in
which there is a change in the number of employees with the day divided into three and six
periods.
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We can observe that the dynamic queuing analysis considers the effect of changing the
arrival rate and the number of servers in the system on the performance measures analyzed,
this change in parameters entails a transition period that the equilibrium model does not
consider. This analysis allows for a number of issues to be analyzed, such as the practical
applicability in real systems that need to change the number of servers depending on the
variation in demand throughout the day. The number of periods in the day to be chosen for
this analysis depends on the rate of arrivals in the system, the greater the number of tickets,
the greater the possibility of dividing the day into smaller periods. If the arrival rate of the
system is large enough to divide the day into small enough periods, there is also the
possibility that the arrival rate will be modeled by a continuous function.

Table 2 shows the average performance measures calculated from the equilibrium
analysis, where each period is analyzed assuming it is in equilibrium and is independent of its
predecessor period and its successor period. In the dynamic approach, information from the
immediately preceding period is considered as initial information for the model in the
successor period. The results are divided into analyzes for the day divided into three periods,
with deviations from the dynamic approach in relation to the equilibrium approach that
reached the level of 86.40%, and six periods, with deviations from the dynamic approach in

relation to the equilibrium approach which in this case reached the level of 59.14%.
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Table2— Comparison of the average performance measures of the equilibrium models
M/M/1/6 and M/M/2/7 with the non-stationary model, with the day divided into three and six
periods.

three periods

balance

non-stationary

deviation (%)

t (min)

L(t)

La(t) | W@

Wq(t)

L(t)

La(t) | W@

Wq(t)

L(t)

La(t) | W(D) | Wa(®

1:360

0,4968

0,1638 | 0,2486

0,0820

0,4661

0,1471|0,2332

0,0736

-6,18

-10,16 | -6,19 | -10,17

361:840

1,5648

0,9189 | 0,4038

0,2371

1,4628

0,8362 | 0,3760

0,2150

-6,52

-9,00 | -6,87 | -9,30

840:1320

0,9985

0,1667 | 0,2001

0,0334

1,0538

0,1992 | 0,2118

0,0401

5,53

19,49 | 5,87 | 20,01

1321:1800

0,4968

0,1638 | 0,2486

0,0820

0,5447

0,1981 | 0,2732

0,0994

9,63

20,94 | 9,87 | 21,29

1801:2280

1,5648

0,9189 | 0,4038

0,2371

1,4632

0,8364 | 0,3761

0,2151

-6,50

-8,97 | -6,84 | -9,27

2281:2760

0,9985

0,1667 | 0,2001

0,0334

1,0538

0,1992 | 0,2115

0,0400

5,54

19,49 | 5,72 | 19,86

2761:2880

0,4968

0,1638 | 0,2486

0,0820

0,6909

0,3028 | 0,3482

0,1528

39,07

84,91 | 40,07 | 86,40

Six periods

balance

non-stationary

deviation (%)

t (min)

L(t)

La(t) | W)

Wa(t)

L(t)

La(t) | W)

Wa(t)

L(t)

La(t) | W(B) | Wa(t)

1:60

0,4968

0,1638 | 0,2486

0,0820

0,3345

0,0796 | 0,1673

0,0398

-32,67

-51,41|-32,73 | -51,45

61:300

0,2000

0,0333 | 0,2000

0,0333

0,2205

0,0429 | 0,2205

0,0429

10,25

28,79 | 10,26 | 28,80

301:540

0,4968

0,1638 | 0,2486

0,0820

0,4665

0,1457 | 0,2334

0,0729

-6,10

-11,01| -6,12 |-11,02

541:840

1,5648

0,9189|0,4038

0,2371

1,4021

0,7870 | 0,3595

0,2019

-10,40

-14,36 | -10,95 | -14,84

841:1020

0,9449

0,4488 | 0,3175

0,1508

1,0920

0,5642 | 0,3692

0,1908

15,57

25,72 | 16,29 | 26,55

1021:1260

0,9985

0,1667 | 0,2001

0,0334

1,0307

0,1882 | 0,2067

0,0377

3,22

12,91 | 3,29 | 13,02

1261:1500

0,4968

0,1638 | 0,2486

0,0820

0,5969

0,2355 | 0,3000

0,1185

20,15

43,78 | 20,65 | 44,53

1501:1740

0,2000

0,0333|0,2000

0,0333

0,2248

0,0457 | 0,2248

0,0457

12,39

37,29 | 12,41 | 37,31

1741:1980

0,4968

0,1638 | 0,2486

0,0820

0,4666

0,1458 | 0,2334

0,0729

-6,09

-10,99 | -6,11 |-11,01

1981:2280

1,5648

0,9189 | 0,4038

0,2371

1,4026

0,7873|0,3597

0,2020

-10,37

-14,32 | -10,92 | -14,80

2281:2460

0,9449

0,4488|0,3175

0,1508

1,0925

0,5646 | 0,3694

0,1910

15,63

25,80 | 16,35 | 26,64

1461:2700

0,9985

0,1667 | 0,2001

0,0334

1,0307

0,1882 | 0,2067

0,0377

3,22

1291 | 3,29 | 13,02

2701:2880

0,4968

0,1638 | 0,2486

0,0820

0,6297

0,2590 | 0,3168

0,1304

26,76

58,14 | 27,43 | 59,14

3.2 Changing the number of servers in the non-stationary hypercube model

To represent the example where there is a change in the number of servers, we

consider that there are three servers in periods of high demand (18h<t<22h) and one server

decreases when the demand is low, server 2 is withdrawn. Queue formation of up to five users

in the queue is allowed. The total system arrival rate (A(t)) is the same as in the previous

section and we consider that 4, (t) = A,(t) = A5(t) = A(t) /3. The service time rates have been

defined such that, uy(t) =p; =15, po(t)=p,=3.0 e us(t)=p;=15 The dispatch

preference list is the same as in table 3.1.
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Solving the system of differential equations in Section 2.2 by the Runge-Kutta method
we obtain the probabilities of each state for each instant of time (Figure 15a and 15b). The
initial conditions used in this example were defined as follows: the probability that the system
is empty at time t = 0 is a (P,{t = 0) = 1) the probabilities of the other states are equal to zero;
when server 2 is placed on the system, the probabilities of all states that this server is busy at
the time it starts operating is zero. (p.e., Po10=P110=Po11=P11:1=0?); when the system downs a
server, server 2 is removed from the system, we have to (Pgo(t = tg) = Paon + Poiol,
(Poy(t = to) = Ppgr + Po11), (Pyolt =1tp) = Piggp + Prag) and (Pyy(t = to) = Pygy + Pi1q), to S
the instant of time when server 2 is taken down. Furthermore, the results were obtained with

an accuracy of 10,

Figure 15 - a) states probabilities (£ ) in the non-stationary hypercube model with the day
divided into three periods; b) state probabilities of the non-stationary hypercube model with
the day divided into six periods; c) state probabilities in the stationary hypercube model.

ﬂl:l-.'- h}-.‘- L'}-

ER

BEegpgw

Figures 16a and 16b show a comparison between the average number of users in the
system of the dynamic approach of the hypercube model with the approach in equilibrium
with the day divided into three and six periods, respectively. We can observe that, in both
cases, in the period from 6 pm to 10 pm, the system comes into equilibrium at 8 pm.
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Figure 16 - Comparison of the number of users in the system (Z(z)) the non-stationary
hypercube model and the stationary hypercube model a) with the day divided into three
periods; b) with the day divided into six periods.

a) b)

Figures 17a and 17b show a comparison between the results of waiting time in the
system obtained by the dynamic approach of the hypercube model and by the approach in
equilibrium with the day divided into three and six periods, respectively.

Figure 17 - Comparison of waiting time in the system (¥ (z)) the non-stationary hypercube
model and the stationary hypercube model a) with the day divided into three periods;
b) with the day divided into six periods.
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Figures 18a and 18b show a comparison between the number of users in the queue of
the dynamic approach of the hypercube model with the approach in equilibrium with the day

divided into three and six periods, respectively.
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Figure 18 - Comparing the number of users in the queue (I,(z)) the non-stationary hypercube

model and the stationary hypercube model a) with the day divided into three periods;
b) with the day divided into six periods.

a) __ b)

Figures 19a and 19b show a comparison between the waiting time in the queue of the
dynamic approach with the equilibrium approach of the hypercube model with the day
divided into three and six periods, respectively.

Figure 19 - Comparison of waiting time in line (W, (z)) the non-stationary hypercube model

and the stationary hypercube model a) with the day divided into three periods; b) with the day
divided into six periods.

a) b)

Figures 20a and 20b show the comparison between the travel time in the system of the
dynamic approach of the hypercube model with the approach in equilibrium with the day
divided into three and six periods, respectively.
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Figure 20 - Comparison of travel time in the system (Ft;) the non-stationary hypercube
model and the stationary hypercube model a) with the day divided into three periods; b) with
the day divided into six periods.
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Figures 21a and 21b show the comparison between the travel time on server 1 of the
dynamic approach of the hypercube model with the approach in equilibrium with the day
divided into three and six periods, respectively. Figures 21c and 21d show the comparison
between the travel time on server 2 of the dynamic approach of the hypercube model with the
approach in equilibrium with the day divided into three and six periods, respectively. Figures
21e and 21f show the comparison between the travel time on server 3 of the dynamic
approach of the hypercube model with the approach in equilibrium with the day divided into
three and six periods, respectively.

Figure 21 - Comparison of travel time on the server i (T;(t)) from the non-stationary
hypercube model and the stationary hypercube model as follows: i = 1 with the day divided
into three periods (a) and six periods (b); i = 2 with the day divided into three periods (c) and
six periods (d); i = 3 with the day divided into three periods (e) and six periods (f).
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Figures 22 and 22b show the comparison between travel time on atom 1 of the
hypercube model's dynamic approach with the equilibrium approach with the day divided into
three and six periods, respectively. Figures 22c and 22d show the comparison between the
travel time in atom 2 of the hypercube model's dynamic approach with the approach in
equilibrium with the day divided into three and six periods, respectively. Figures 22e and 22f
show the comparison between the travel time in atom 3 of the hypercube model's dynamic

approach with the approach in equilibrium with the day divided into three and six periods,
respectively.




Figure 22 - Comparison of travel time on the atom j (T;(z)) from the non-stationary hypercube
model and the stationary hypercube model as follows: j = 1 with the day divided into three
periods (a) and six periods (b); j = 2 with the day divided into three periods (c) and six periods
(d); j = 3 with the day divided into three periods (e) and six periods (f).
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During the system's peak period (between 6 pm and 10 pm), operated with three
servers, we can verify by analyzing the non-stationary hypercube model that the system takes
time to reach equilibrium, even considering that the arrival rate does not vary. In all cases, at
least 2 hours are required for the system to come into balance assuming that the arrival rate
does not change during this period. This study shows the importance of considering the study
of non-stationary queuing models in real systems to incorporate the change in arrival rate and

service in the system varying with time, as well as the change in the number of servers.




Table 3 shows the average number of users in the system (L), the average number of

users in the queue (Lq), the average time spent in the system (W) and the waiting time in the

queue (Wq) calculated from the equilibrium analysis. For the day divided into three periods,

the deviations of the dynamic approach in relation to the equilibrium approach reached the

level of 164.93% and, for the day divided into six periods, the deviations of the non-stationary

approach in relation to the equilibrium approach that in this case reached the level of

220.13%.

Table 3 - Comparison of the average performance measures of the hypercube in equilibrium
model with the non-stationary model, with the day divided into three and six periods.

Three periods

balance non-stationary deviation (%)
t (min) L Lq W Wq L Lq W Wq L Lq W Wq
1:360 1,2932 | 0,2984 | 0,6500 | 0,1500 | 1,1027 | 0,2155 | 0,5532 | 0,1082 | -14,73 | -27,79 | -14,89 | -27,90
361:840 3,7333 | 2,0000 | 1,0769 | 0,5769 | 3,2962 | 1,6520 | 0,9245 | 0,4650 | -11,71 | -17,40 | -14,16 | -19,39
840:1320 | 3,5547 | 1,2084 | 0,7575 | 0,2575 | 3,6876 | 1,3091 | 0,7938 | 0,2821 | 3,74 8,33 4,79 9,55
1321:1800 | 1,2932 | 0,2984 | 0,6500 | 0,1500 | 1,5289 | 0,4465 | 0,7758 | 0,2272 | 18,22 | 49,60 | 19,36 | 51,48
1801:2280 | 3,7333 | 2,0000 | 1,0769 | 0,5769 | 3,2977 | 1,6531 | 0,9249 | 0,4654 | -11,67 | -17,34 | -14,11 | -19,33
2281:2760 | 3,5547 | 1,2084 | 0,7575 | 0,2575 | 3,6876 | 1,3092 | 0,7938 | 0,2821 | 3,74 | 8,33 | 479 | 9,55
2761:2880 | 1,2932 | 0,2984 | 0,6500 | 0,1500 | 2,0427 | 0,7701 | 1,0527 | 0,3974 | 57,96 | 158,05 | 61,96 | 164,93
Six periods
balance non-stationary deviation (%)

t (min) L Lg W Wq L Lq W Wq L Lq W Wq
1:60 1,2932 | 0,2984 | 0,6500 | 0,1500 | 0,5717 | 0,0421 | 0,2859 | 0,0210 | -55,79 | -85,91 | -56,02 | -85,98
61:300 0,5331 | 0,0332 | 0,5332 | 0,0332 | 0,5934 | 0,0478 | 0,5935 | 0,0478 | 11,31 | 44,17 | 11,32 | 44,19
301:540 1,2932 | 0,2984 | 0,6500 | 0,1500 | 1,1121 | 0,2080 | 0,5576 | 0,1043 | -14,01 | -30,32 | -14,21 | -30,47
541:840 | 3,7333 | 2,0000 | 1,0769 | 0,5769 | 3,0473 | 1,4548 | 0,8389 | 0,4024 | -18,38 | -27,26 | -22,11 | -30,25
841:2020 | 2,4504 | 1,0150 | 0,8535 | 0,3535 | 3,8505 | 1,4358 | 1,3976 | 0,5217 | 57,14 | 41,46 | 63,74 | 47,57
1021:1260 | 3,5547 | 1,2084 | 0,7575 | 0,2575 | 3,5736 | 1,2217 | 0,7624 | 0,2606 | 0,53 1,10 0,64 1,21
1261:1500 | 1,2932 | 0,2984 | 0,6500 | 0,1500 | 2,2874 | 0,7961 | 1,1906 | 0,4147 | 76,88 | 166,75 | 83,17 | 176,49
1501:1740 | 0,5331 | 0,0332 | 0,5332 | 0,0332 | 0,7174 | 0,1044 | 0,7188 | 0,1047 | 34,56 | 214,56 | 34,81 | 215,46
1741:1980 | 1,2932 | 0,2984 | 0,6500 | 0,1500 | 1,1138 | 0,2087 | 0,5585 | 0,1047 | -13,87 | -30,05 | -14,08 | -30,20
1981:2280 | 3,7333 | 2,0000 | 1,0769 | 0,5769 | 3,0429 | 1,4518 | 0,8375 | 0,4015 | -18,49 | -27,41 | -22,23 | -30,40
2281:2460 | 2,4504 | 1,0150 | 0,8535 | 0,3535 | 3,8503 | 1,4356 | 1,3975 | 0,5217 | 57,13 | 41,44 | 63,73 | 47,55
2461:2700 | 3,5547 | 1,2084 | 0,7575 | 0,2575 | 3,5736 | 1,2217 | 0,7624 | 0,2606 | 0,53 1,10 0,64 1,21
2701:2880 | 1,2932 | 0,2984 | 0,6500 | 0,1500 | 2,5478 | 0,9174 | 1,3338 | 0,4802 | 97,02 | 207,40 | 105,20 | 220,13
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Table 4 shows the average travel times of servers 1, 2 and 3 calculated from the

equilibrium analysis. For the two approaches, dynamic and in equilibrium, the deviations

were relatively small, reaching a maximum of 6.96%. All performance measures related to

travel times had deviations of this order, which can be explained by the fact that the model

works with mean values of travel times, which do not vary with time, in both approaches.

Instantaneous speed values obtained, for example, from GPS devices can generate different

results.

Table 4 - Comparison of average travel times for servers in the hypercube model in
equilibrium with the non-stationary model, with the day divided into three and six periods.

Three periods

balance non-stationary deviation (%)
t (min) tul tu2 tu3 tul tu2 tu3 tul tu2 tu3
1:360 12,0357 12,1730 | 11,7926 12,1620 | -2,02 -0,09
361:840 12,5473 12,5637 | 12,4895 12,5305 | -0,46 -0,26
840:1320 12,2860 | 12,2842 | 12,2842 | 12,2860 | 12,2842 | 12,2842 | 0,00 0,00 0,00
1321:1800 12,0357 12,1730 | 12,0341 12,2605 | -0,01 0,72
1801:2280 12,5473 12,5637 | 12,4898 12,5306 | -0,46 -0,26
2281:2760 12,2860 | 12,2842 | 12,2842 | 12,2860 | 12,2842 | 12,2842 | 0,00 0,00 0,00
2761:2880 12,0357 12,1730 | 12,2113 12,3497 1,46 1,45
Six periods
balance non-stationary deviation (%0)

t (min) tul tu2 tu3 tul tu2 tu3 tul tu2 tu3
1:60 12,0357 |  ----- 12,1730 | 11,1980 | ----- 11,9511 | -6,96 | ----- -1,82
61:300 11,4359 |  ----- 11,8431 | 11,2962 | ----- 11,9571 | -1,22 | ---- 0,96
301:540 12,0357 |  ----- 12,1730 | 11,8375 | ----- 12,1756 | -1,65 | ---- 0,02
541:840 12,5473 |  ----- 12,5637 | 12,4575 |  ----- 12,5094 | -0,72 | ----- -0,43
841:2020 12,3736 | ----- 12,4210 | 12,3090 | ----- 12,3040 | -0,52 | ----- -0,94
1021:1260 12,2860 | 12,2842 | 12,2842 | 12,2689 | 12,2689 | 12,2689 | -0,14 -0,12 -0,12
1261:1500 12,0357 |  ----- 12,1730 | 12,1800 | ----- 12,3055 1,20 | ----- 1,09
1501:1740 11,4359 |  ----- 11,8431 | 11,3962 | ----- 11,9900 | -0,35 | ----- 1,24
1741:1980 12,0357 |  ----- 12,1730 | 11,8388 | ----- 12,1760 | -1,64 | ----- 0,02
1981:2280 12,5473 |  ----- 12,5637 | 12,4564 | ----- 12,5087 | -0,72 | ----- -0,44
2281:2460 12,3736 | ----- 12,4210 | 12,3090 | ----- 12,3039 | -0,52 | ---- -0,94
2461:2700 12,2860 | 12,2842 | 12,2842 | 12,2689 | 12,2689 | 12,2689 | -0,14 -0,12 -0,12
2701:2880 12,0357 |  ----- 12,1730 | 12,2300 | = ----- 12,3221 161 | - 1,23




4. CONCLUSION

The objective of this work is to verify the effect of the variation of the arrival and
service rate during the day in detriment of the equilibrium analysis of the system. For this, we
developed two illustrative examples. The models M(t)/M(t)/m(t)/C(t) and the non-stationary
hypercube model were approached, considering the change in the number of servers
throughout the day. The study showed how the dynamic approach is more realistic than the
equilibrium approach in systems where the variation of parameters is an important factor to be
considered. Furthermore, this study suggests that the greater the variation of these parameters
in shorter periods, the lower the probability of the system entering into equilibrium. In future
works, the incorporation of queue priority in the non-stationary model can be studied, as well
as the carrying out of case studies to verify the real applicability of this analysis.
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